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Introduction 
By the work of 141 there are many examples of universai links in the 3-sphere, 
S3. These are links with the property that every closed, orientable 3-manifold has 
a representation as a cover of S3 branched over the link. The set of all coverings 
M + S3 branched over a fixed link, L, forms a lattice where one covering p, : M, -, S3 
is above a second p2 : M2 + S3 if there is a factorization pI = pt 0 p for a branched 
cover p: M, + I&. The lattice is isomorphic to the lattice of subgroups of finite 
index in r,( S3 - ~5). Thus a universal link provides a way of organizing the class of 
all 3-manifoids (closed and orientable) which we have found to be both convenient 
to work with and well behaved with respect o certain key properties of 3-manifolds. 
In particular, we showed in [33 that every branched covering of a 3-manifold with 
virtually Z-representable fundamental group (the group has a subgroup of finite 
index which maps homomorphically to the infinite cyclic group, Z) has a virtually 
Z-representable fundamental group. A similar statement holds for the property of 
being virtually Haken; see the theorem below. The optimistic view we have is that 
the 3-manifolds with finite fundamental group form a “clump” at the bottom of 
this lattice which can somehow be recognized in terms of the description of these 
manifolds as branched covers and that everything else has virtually h-representable 
fundamental group. 
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What we have done here is to take what seems to be the simplest possible universal 
link-the figure-eight knot (universal by [4]), and study it in some detail. One result 
we use is that any cover branched over this knot with all branching indices having 
a common divisor greater than two does have virtually Z-representable fundamental 
group [3]. Using this fact together with a procedure we describe in Section 2 for 
analyzing the branched covers over this knot and a set of computer generated 
examples of such covers we provide a set of data which supports our optimistic 
view and which we offer as a set of examples which may be helpful in detecting 
patterns in this subject. 
We refer to f33 for definitions and background regarding branched coverings, but 
we recall here some of the key items. We use the expression true covering to indicate 
a covering space in the strict sense (trivial branching). Throughout this paper K 
will denote the figure-eight knot and N will denote the complement, in S”, of an 
open regular neighborhood of K. 
Given a cover of S’ branched over K, and of degree d, the monodrom~ of the 
cover is the homomorphism z-,(N) + S, which gives the action, by path lifting, of 
r,(N) on the fiber. The monodromy provides a one to one correspondence between 
degree d covers of S” branched over K and conjugacy classes of transitive representa- 
tions of r,(N) to S,. The branching indices of the cover are the integers, one for 
each component over K, which describe the degree of the covering map restricted 
to a disk transverse to the component. They are just the lengths of the cycles of the 
image of the meridian (denoted p throughout) under the monodromy of the cover; 
except that the latter set may have repetitions. 
Given covers pi: Mi+ S” branched over K (i = 1,2> the two monodromy rep- 
resentations define a product action q~ : ST~( N) + &+,:_ This may not be transitive; 
so it will define a (possibly nonconnected) branched covering p : A4 + S’ branched 
over K, The components of M will each lie above both (M,, p,) and ( M2, pz) in 
the lattice. We caII any such component a pullback of the two covers. 
The source of our examples is a list of representations, g,(N) + S,, generously 
provided by Morwen Thistlethwaite. This list was produced by a program, run on 
a SUN using CAYLEY, which enumerates subgroups. Of course it is Cayley’s 
theorem that every representation in S,, is given by the action of the group on the 
cosets of a subgroup of index d. I believe this list to be complete through d = IO. 
It agrees with a list I produced for d s 8 using a Macintosh. This list was cut down 
by dividing out the action of the mapping class group of N (described in Section 
1). The resulting manifolds were worked out using the method described in Section 
2 and are tabulated in Section 3. The order relation in the lattice is easy to determine 
CombinatorialIy from the monodromy. This is discussed at the beginning of Section 
3 and is followed by a chart showing the connections. 
Theorem 0.1. Let p : ii?+ M be a covering of closed, orientable 3-manifolds branched 
over a Iink Lc M. lf 6 is irreducible and M is virtual~3? Haken, then h?l is virtually 
Haken. 
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Proof. By assumption there is a true covering p , : M, + M of finite degree such that 
M, is irreducible and contains a closed ,2-sided, incompressible surface F of positive 
genus. Take a pullback, M* of p and p,. 
By [3,2.3], M*+ 6l is a true covering. By assumption 6i is irreducible; so by 
the equivariant sphere theorem [7] M* is irreducible. 
Now let F* be a component of the inverse image of F under the branched covering 
q : M* + M. We compress F* as much as possible. If we are left with an incompress- 
ible component of positive genus, we are done. So we suppose that F* compresses 
completely to a collection of 2-spheres. But then the inclusion i: F*+ M* is 
homotopic, in M*, to a map whose image is the union of these 2-spheres and some 
l-cells. In particular ?r,( F*) + n,( M*) factors through a free group. Since rr,( F) + 
r,(M,) is manic, q *: rr,(F*)+ n,(F) factors through a free group. But then 
q[ F*: F* + F factors through a l-complex. This is impossible since q/F* is a 
branched covering of closed orientable surfaces and is therefore not trivial on second 
homology. Cl 
1. The fundamental group 
N is a bundle over S’ whose fiber is a once punctured torus. Accordingly i-r,(N) 
has a presentation as a semidirect product of a free group by Z: 
rr,( N) =(x, y, II: /LX/.-’ = xy-‘, /.~yp-’ = y’x-‘) 
The group is generated by x and p. p is a meridian, _Y~x-‘y-’ is a longitude for 
K. 
We also have the Writtinger presentation, which we read from the diagram using 
the left-hand convention (see Fig. 1): 
--I xq = .Y$c,Xz , 
-I x2 = x4x3x4 , 
-1 
x2 =x3x,x3 , 
-I 
x4 = x,x3x, 
a c, X3 X4 X, x* 
Fig. 1. 
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These are connected by the relations: 
-I x=x, .X3, x, =p-‘, 
-1 -1 
Y=;Xl x3 XIX39 xz=p-ly-'x-g, 
p =x;', x,=/L-'x, 
x,=p-byx. 
The mapping class group of N is the dihedral group 
Ds=(a,7:CT4=7~=l,ra7 -1 = U-I). 
Both T and u are orientation reversing homeomorphisms. The action on r,(N) 
(acting on the right) is given by the following. Observe that this action is as a group 
of outer automorphisms. So, for example, r2 is conjugation by CL. 
I x Y 
l7 ?’ x-’ 
u2 x-’ Y -I 
u3 .v-' x 
T Y xy-t-, 
UT .ry-’ y-1 
27 y-1 p-’ 
0’7 yr - ’ Y 
P 
YW-’ 
x-'/l 
x/.4-' 
fJ 
X/A--' 
Y-‘M 
YF-’ 
2. Heegaard splittings and group presentations for a cover 
Let S be a 2-sphere in S3 which bounds 3-balls Vt and V meeting K in unknotted 
arc pairs B’, II’ and A-, C- respectively. Then B’ and D’ cobound a disjoint 
disk pair in Vf with arcs B and D in S. We get a similar’pair of disjoint disks in 
V- bounded by Au A- and C u S- (see Fig. 2). 
C- 
Fig. 2. 
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Given a branched covering p: M + S’, branched over K, we let U’ = p-‘( V’) 
and U- = p-‘( V-). 
Let (o : r,(N) + S, be the monodromy of the cover. For u E S,, we let c(a) denote 
the number of cycles of u. 
Theorem 2.1. 7Ie pair {U+, U-} is a Heegaard splitting of M of genus d + l- 
2c(cp(fi)). 
Proof and construction. Let E be the 3-cell V- split open along the disks bounded 
by A v A- and C u C- as shown in Fig. 3. We picture E as a tube whose ends are 
to be folded together to reconstruct V-. The arc, 0, is split into five arcs on the 
lateral surface of this tube. 
Fig. 3. 
Then E lifts homeomorphically to M; so U- is the union of d lifts, E,; (i = 
0 ,-*-, d-l), of E. The lifts of A- correspond to the cycles of q(xz) and the lifts 
of C- correspond to the cycles of cp(x,). These cycles determine how the Ei are to 
be glued together. Specifically if (i,, i2, . . . , i,) is a cycle of cp(x>), then we see the 
“A ends” of Ei,, Ei,, . . . clustered around an oriented arc (covering A-) so that a 
small loop having linking number +l with this arc encounters the Ei in the cyclic 
order (il, iz, . . . , i,). 
Now I/- retracts to a graph r as follows. Each tube retracts to an edge and each 
arc (around which the tubes are clustered) retracts to a vertex. r has a vertex for 
each cycle of q(x,), a vertex for each cycle of cp(xz) and an edge for each i 
(OS is d - 1). The ith edge joins the cycle of 60(x,) containing i to the cycle of 
cp(xJ containing i. We will call r the (cp(x,), cp(xJ)-graph. The same construction, 
based on the (cp(x,), cp(x,))-graph, yields U’. Thus U’ and U- are handlebodies 
with genus = 1 -x(T). Since p, x,, x2, and x3 are conjugate elements of n,(N), 
their images in S, have the same cycle structure. 0 
We construct a Heegaard diagram for M as follows. Choose a maximal tree in 
the (cp(x,), cp(x2))-graph. Then pick a “belt disk” for each tube of IT corresponding 
to an edge not in this tree. The collection of disks so obtained is a complete set of 
meridian disks for CJ-. Similarly we get a meridian disk for U’ dual to each edge 
not in a maximal tree in the (9(x,), +4x,))-graph. We can take the meridian curves 
of U- to be lifts of the based curve, a -, in S which encloses the arc, C, as shown 
below. Similarly we take the meridian curves of Li’ to be lifts of the based curve, 
a+, in S which encloses D (see Fig. 4). 
base pt. 
Fig. 4. 
It is easier to first describe the presentation of r,(M) coming from this Heegaard 
splitting. We let .zj be the generator of T,( C.-) dual to the lift of a- which begins 
in &. For formal reasons we take a symbol z, for each i; not just those outside a 
maximal tree. The relations given by the lifts of uf all have the same form: A z:’ 
occurs each time a+ crosses a- in the * direction. T’he subscript of the first term 
indicates which lift is being used. The subsequent subscripts are the images of the 
initial one under the monodromy of the successive initial segments of the relator 
of rl(N) defined by a+. This relator is: 
We calf a sequence (i,, it,. . . , iJ of integers in {0,1,. . . , d - 1) a w-seqzfence if 
9(x;‘) takes i, to i2, 9(x2) takes i2 to i3,. . . , tp(jth syllable of w) takes ij to ii+,. 
We summarize these remarks in: 
Theorem 2.2. Let T, (respectively T2) be a maximal tree in the (9(x,), rp(x?))-graph 
(respectively the (9(x,), 9(x3))-graph). Then a,(M) has a presentation with gen- 
erators: {z,: 0~ iC d - 1) and relations: 
{zi = 1: i+? T,} 
u {Z,,z,z’Zi,Z,j’ZiStib’Z,,ZiX’=4Zll,t = 1: i, & T2, (i,, i2, . . . , i,o) a w-sequence}. 
Note. (1) This theorem is a variation of the Reidemeister-Schreier rewriting process 
adapted to branched covers and given in a geometric setting. It is, however, more 
efficient than the following alternate method: Use the Reidemeister-Schreier method 
J. H~rnpe~ / Branched coc~rs ocer rhr tigure-eight 189 
to give a presentation of the fundamental group of the corresponding unbranched 
covering p : $ -, N as a subgrop of index d in r,( I\), then add branch relations to 
present r,(M) as a quotient of v,( 6’). There could be as many as c(cp(p 1) of these 
branch relations, one for each lift of IL, but lifts of hi that lie in the same component 
of a$ would give the same relation. With this alternate method one woutd have 
(up to) d f c( (p(p 1) nontrivial relations as compared to the n - 2c( cp(g )) nontrivial 
relations given by the method we have described. 
(2) The condition 1 +d -Zc((p(p)) 2 0 is necessary in order to have a transitive 
representation cp : n,(N) + S,. This can be independently verified by applying the 
Riemann-Hurwitz formula to the branched covering of surfaces p-‘(S) + S. 
(3) The above procedure gives a well-defined recipe for drawing the Heegaard 
diagram of M. One builds the handelbody U- out of tubes as described above. The 
relations are then drawn as curves that begin at the specified points over the base 
point and proceed in the specified initial direction and keeping the lifts of D just 
to their left. I prefer to visualize U- in R’ so that ail the copies of A- point straight 
up, all the copies of C- point straight down, and all the copies of the pieces of D 
transverse the tubes with a right-hand twist of : revolution. Then, as seen from 
above, the cycles of (p(x2) are read clockwise and the cycles of cp(~,) are read 
counterclockwise. The following example illustrates case (7) of Section 3 (see Fig. 5): 
d =5, P(x,) = (01 f(234A cp(X,, = (0’)(143), q(Xjf = (01~)(34)* 
0 
1=(+&J 
3 3 
(‘P(xl ),v(xz>) -g;aph (u(xt),v(xa))-graph 
Fig. 5. 
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The presentation of the fundamental group with generators coming from edges 
3 and 4 and relations from edges 1 and 4 is: 
(ZJ , ZJ: z;2zJzj -’ = 1, z4z;3 = 1). 
This is easily seen to be Z8. Either relation can be used to cancel a trivial handle. 
With a little patience one can check that the resulting genus-one Heegaard splitting 
determines the lens space L(8,3). 
3. The lattice of coverings branched over K 
In this section we describe a portion of the lattice of all coverings of S3 branched 
over the figure-eight knot (see Fig. 6). To avoid obvious duplication we have reduced 
modulo the equivalence relation which, on monodromy representations, is generated 
by conjugation and precomposition by the action of the mapping class group of 
r,(N). So in the following chart each box represents an equivalence class of 
branched coverings and an arrow between boxes indicates a factorization, up to 
equivalence, of the corresponding coverings. Specifically, if p, : M, + S’ and p2: M2+ 
S3 correspond to the two boxes, then an arrow from the first to the second indicates 
that there is a branched covering p: M, + M2 so that gap, =popr for some g in 
the mapping class group of (S’, K). The condition for this to hold is [3, 2.41 that, 
up to equivalence, the monodromy, cp,, for p, covers the monodromy, cpZ, for pr in 
the sense that there is a (d,/&) to one map 
f: (0, 1, . . . , d,-l}+{O, l,...) C&--l}, 
such that 
f(j)%(g)=f(i)+g), for Osisd,-1 and gErr,(N). 
We have not included composite arrows on the chart. We have marked those 
arrows which correspond to true coverings (see Fig. 6). 
In the tables following the chart we describe the examples in more detail, giving 
the monodromy and a presentation of the fundamental group as described in Section 
2. In these presentations, to save space, we have replaced the symbol zi by i. In 
many cases we have been able to identify the fundamental group or even the 
manifold, and have added comments where appropriate. We have not given a specific 
determination of the manifold, except in those cases where we have worked it out 
in detail. In other cases we have suggested a probable candidate. This information 
should not be taken as final; we have simply reported on those cases which were 
easiest to identify. 
The tables include all coverings of degree at most ten. Among these we have 
determined all those with finite fundamental group. For the others, with the exception 
of (37), we have been able to show that the fundamental group is virtually H- 
representable. The scattering of covers of degree greater than ten are primarily 
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. . . 
. 
Fig. 6. Lattice of branched covers of S’, branched over the figure-eight knot. Complete through degree 
ten. 
included to demonstrate true covers with positive first betti number in the cases 
where the branching indices do not have a common divisor greater than two, or the 
result does not otherwise follow from an examination of the fundamental group. 
However there is sufficient data given to construct such covers in case the branching 
indices do have a common divisor greater than two. For example, (51) has /3, =3 
and all branch indices equal to 5. So given any M branched over K with ali 
branching indices divisible by 5, a component of the puflback of M and (51) will 
have PI Z= 3. 
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That (37) does have infinite fundamental group follows from the following 
observation applied to an appropriate covering space of (37). 
Theorem 3.1. If M is a 3-manifold with a,(M) finite, then H,(M) is either cyclic or 
is H2Q3Z,, for s odd. 
Proof. The possibilities for rr’( M) are known [6,8] to be of the form G x k,, where 
G is in one of six explicitly described families and s is prime to o(G) (possibly s = 1). 
One computes, using the presentations for G given in these references, that H’(M) 
is cyclic except in the cases G = QYn or G = Q(8n, k, I) in which case H,(M) = h20 
Zz,. In the last two cases the condition (s, o(G)) = 1 forces s to be odd. 0 
The following ((I)-(57)) details the branched covers shown on the preceding 
chart. The first line gives the monodromy. The next lines give the presentation of 
the fundamental group. The numbering on the generators and relations is described 
in Section 2 as is the procedure to use them to construct a Heegaard splitting of 
the manifold. 
(1) x-+(O)(l) P-+(0 1) 
R,: id = 1 1 1 1 1 
M = L(5,2), the 2-fold cyclic branched cover over K. 
(2) x + (O)(1)(2) /.L + (0 1 2) 
R,: id = 1 2-l 1 2-l 22’ 1 2-l 1 Rz:id=221221-’ 
H,(M) = &GE,. M is the 3-fold cyclic branched cover over K, it is Seifert fibered 
over the projective plane with two exceptional fibers, is the union of the two twisted 
I-bundles over the Klein bottle, and has T3 as a true cover of degree 4. 
(3) x+(O)(l)(2)(3) /_l+ (0 1 2 3) 
RI: id = 1 2-l 1 2-I 3 2-l 1 2-l 1 R2: id = 2 3-l 2 3-l 3-l 2 3-l 2 I-’ 
RJ:id=331332-’ 
H,(M) = Z,,OB,. M is the 4-fold cyclic cover branched over K. It is a hyperbolic 
manifold as are all cyclic branched covers of degree at least 4 [5]. 
(4) x-, (0 1)(2 3) ~+(0)(123) 
R,: id=3-‘3 
M=S’xS’. 
(5) x+ (ON1 )(2)(3)(4) /~+(01234) 
R,: id = 1 2-l 1 2-l 3 2-I 1 2-l 1 R’: id = 2 3-l 2 3-l 4 3-l 2 3-l 2 1-l 
R,: id = 3 4-l 3 4-I 4-l 3 4-l 3 2-l R,: id =44 1443-l 
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H,(M)=Z,,OZ,,. M is the 5-fold cyclic branched cover over K-a hyperbolic 
manifold. 
(6) x+(01342) P + (0)(12)(3 4) 
M = S’; the inverse image of K in M is the Roman link. This cover plays a key 
role in the arguments of [4] in showing that the figure-eight knot is universal. 
(7) x-, (0 2 3)(l)(4) /* + (0 1)(2 4 3) 
R,: id =4-’ 4-l 3 4-l R,: id = 4 3-I 3-l 3-l 
M = L(8,3): see the example of Section 2. 
(8) x+(0123)(45) p + (O)(l 4 5 3 2) 
Rz: id = 5 3-’ 5 4K’ 4-l R,: id=3453-’ 
R,: id=45-‘33-‘4 
M = L(3,l). 
(9) x -+ (0 3 4)(l)(2)(5) /_l + (0 1)(2 3 5 4) 
R,: id =3-’ 3-’ 5 3-l R,: id = 3 5-l 4 3 5S’ 4 5Y’ 
RS: id = 5 4-l 4-l 4-l 
H’(M) = z,s. M is Seifert fibered over S’ with fibers of index 2, 3, and 3. 
(10) x+(O)(l)(2)(3)(4)(5) p+(O12345) 
R,: id = 1 2-l 1 2-l 3 2-l 1 2-l 1 Rz: id = 2 3-l 2 3T’ 4 3-’ 
2 3-l 2 1-l 
R,: id = 3 4-l 3 4-l 5 4-l 3 4-l 3 2-l R,: id=45-‘45-‘5-‘45-‘43-l 
RS: id=55 1554-l 
H’(M) =Z.400h8. M is the 6-fold cyclic cover branched over K-a hyperbolic 
manifold. 
(11) x-(04)(1)(23)(5) /A+ (0 2 1)(3 5 4) 
R,: id = 5 4-l 2 5 4-l 2-l R,: id = 4 2-l 2-l 4 
RS: id = 5 4-l 4-l 5 
H,(M) =HOZzOZz. M is a torus bundle over S’ [l, Example 2, p. 1221. 
(12) x-, (04)(1)(2 3)(5) p-(025431) 
R,: id = 1 5 4-l 2 5 4-l 1 3-l R2: id = 2 55’ 2 5-’ 1-l 3 1-l 3 4-l 
R,: id =3 1-l 3 1-l 4 55’ 2 55’ 2 R,: id = 4 3-l 22’ 5 2-l 4 33’ 1-l 
R,: id = 5 4-l 1 3 4-l 1 5 2-l 
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H,(M)=H,OH,. 
(13) x+(03452)(1) 
R,: id = 1 5 4-l 2 5 4-l 3 2-l 
R,: id = 3 5-l 1 3 2-l 4 1-l 2 
R,: id = 5 4-l 3 5-l I-’ 2 3-l 1-l 
H,(M) =H,,OHg. 
(14) x+(O)(l)(2)(3)(4)(5)(6) 
R,: id = 1 2-l 1 2-l 3 2-l 1 2-l 1 
R,: id = 3 4-l 3 4-l 5 4-l 3 4-l 3 2-l 
R,: id = 5 6-l 5 6-I 6-l 5 6-l 5 4-l 
p-+(023541) 
R1: id = 2 3-l 2-l 1 4-l 3 5-l 1 4-l 
R,: id = 4 1-l 2 3-l 4 5-l 1 5 3-l 
p-+(0123456) 
R’: id = 2 3-’ 2 3-’ 4 3-’ 
23-‘2 1-l 
R,: id=45-‘45-‘65-l 
4 5-l 4 3-l 
R,: id=661665-’ 
H’(M) = Z,,OB,,. M is the 7-fold cyclic cover branched over K-a hyperbolic 
manifold. 
(15) x+(0162)(34)(5) p --* (O)(l 3 4 2)(5 6) 
R,: id =4-’ 6-l R,: id=64464 
M = S3: one component of the inverse image of K is the (5,2)-torus knot. This 
makes it easy to find certain Seifert fibered spaces over (15), e.g the Poincare 
dodecahedral space (52). 
(16) x+(0362)(1)(45) /_~+(0235641) 
RI: id = 16 4-l 2 6 4-I 3 2-l RI: id = 2 3-l 2-l 1 4-l 3 5-l 1 4-l 
R,: id = 3 5-l 1 3 2-l 4 1-l 2 R,: id=41-‘23-l 
4 6-l 5 6-l 5 3-l 
R,: id = 5 6-l 5 6-l 1-l 2 3-l 1-I R,: id = 6 4-l 3 5-l 6 5-l 1 6 5-l 
H’(M) = z,,oz,. 
(17) x+=(O)(l)(2)(3)(4)(5)(6)(7) p+(O1234567) 
RI: id = 1 2-l 1 2-l 3 2-l 1 2-l 1 R2: id = 2 3-l 2 3-’ 4 3-I 
2 3-l 2 1-l 
R,: id = 3 4-l 3 4-l 5 4-l 3 4-l 3 2-l R,: id=45-‘45-‘65-l 
4 5-l 4 3-l 
R,: id = 5 6-l 5 6-l 7 6-l 5 6-l 5 4-l Rg: id = 6 7-l 6 7-l 7-l 6 7-l 6 5-l 
R,:id=771776-’ 
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H,( 34) = H,,,OB,, . A-2 is the 8-f&d cyclic cover branched over K-a hyperbolic 
manifold. 
(18) x-,(0123)(4567) /~+(0)(1467532f 
R,: id=67-‘64-‘4-j R,:id=3467-‘35-l 
R,: id=46-‘75-‘35-‘4 RS: id = 5 3-l 5 3-l 7 6-l 7 5-l 
R,: id = 6 7-l 3 3-l 5 3-I 5 7-l 
7rl(M) =z, * EJ * Ez. There is a trivial handle, and genus =4; so A4 = 
L(3,1)#L(2,1)#L(2,1). 
(19) x+(0 175)(2643) iu. --, (OH 14 3)12 6 5X7) 
R,: id =6-‘6 
M=S’xS,. 
(20) x~(O45)(1)(273)(6) p-+(02536741) 
R,:id=125-‘225-‘76-l R,: id = 2 5-l 7 4-I 7 6-l 3 6-I 3 5-l 
R,: id =3 6-l 3 6-l 1 4-l 1 2 R,: id = 4 1-l 6 7-l 5 2-l 5 3-l I-’ 
R,: id=53-‘2-l l-‘67-‘47-l R,: id=67-‘4 I-‘47-‘4 I-‘63-l 
R,:id=74-,135-‘74-‘14-’ 
H,(M) = a,,,. 
(21) x+(0634527)(1) 
R,: id=65-‘265-‘42-l 
R,: id = 5 7-l 6-l 2 4-l 4-, 
R,: id = 7 2-’ 4-’ 6 
H’(M) =2*4. 
(22) x+(0412)(3657) 
R,: id = 1 7 4-l 6 5-l 7-l 6-l 
R,: id =4 5-l 7-l 1-l 6 1 
R,: id = 7 4-l 1-l 6-l 4 5-l 
H’(M) = HOH~@Z~. 
(23) x3(04)(1 2)(37)(56) 
R,: id = 1 7 4-l 7 5-l 6-l 6-l 
R,: id=457-’ l-I6 1-l 
R,: id = 7 4-l 1 6-I 5-l 4-l 
p + (0 2 4 1)(3 6 5 7) 
R,: id=424-‘56-‘7 
R,: id = 6 5-’ 4 4 2-l 5 7-’ 7-’ 
or_ + (0 1)(2 3 7 4 5 6) 
R,: id = 7-l 5 4-l 1-l 6 5-l 
RS: id = 5 6-l 4 5-l 1 7 
,u + (0 1)(2 5 7 4 3 6) 
R,: id =6-’ 5-l 4-l 1 7 5-l 
R,: id=57-‘45 l-‘6 
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H,(M)=HOZ,. 
(24) .x+ (O!I1)(2)(3,(4,(5)(6,(7)(8) ~+(012355675) 
R,: jd = 1 2-l 12-l 3 2-l 12-l 1 R,: id=23-‘23-‘43-‘23-‘2 1-l 
R,: id=34-‘34-‘54-‘34-‘32-’ R,: id=45-‘45~‘65-‘45-‘43-’ 
R,: id = 5 6-l 5 6-l 7 6-l 5 6-l 5 4-l R,: id =67-l 6 7-l 8 7-l 6 7-l 6 5-l 
R,: id=78-‘78-‘Se’78-‘76-’ R,: id=88 1887-’ 
H’(M) =ZThOHTh. A4 is the 9-Told cyclic cover branched over K-a hyperbolic 
manifold. 
(25) x4 (0 1 7 2)(3 4 5 S)(6) cr -, (O)( 1 3 5 8 4 2)(6 7) 
R,: id = 5-l 8 4-l 4-l 7-l R,: id=4485-‘84”’ 
R,: id=58-‘448-l R?I: id=758-1 57 5 
r,(M)=ZJ*hJ, M has 2 trivial handles and genus=4; so M = L(3, l)#L(3, I). 
(26) x+(01784)(23)(56) ct + (O)( I 4 2)(3 5 7 8 6) 
R,: id = 7 8-’ 7 6 R,: id = 7-1 8 6-1 4.“ 6’-’ 
R,: id=64-‘87-!86-’ R,: id=78-‘44-‘68-’ 
M = L(7,2). 
(27) x-(04)(1)(237)(56)(8) /.L-(02 l)(364)(587) 
R,: id=g-‘2X-12m’ R,; jd =2-l 2-l 8 7”’ 6-l 
R7: id=76-‘6-‘7 R,: id = 8 7-l 7-l 
M is homeomorphic to (2), this is a manifold which covers itself. 
(28) .r4[0684537)(1)(2) ~~‘(025738641) 
R,: id = 1 6 4-l 2 6 4”’ 7 5-l R,: id = 2 5-l 3 8-l 7 5-l 3 8-l 1 4-l 
R,: id =3 8-’ 1 3 7-l 8 K’ 2 R,: id = 4 1-l 5 7-l 4 6-l 2 5-l 3 7-l 
RS: id = 5 7-l 8 6-l 1-l 5 7-l 8 3-l R,:id=64-‘73m’52-‘41-‘52-’ 
R,:id-73-‘2m’68 ’ 168-l R,:id=86”125 ‘14 ‘73-‘1-l 
H,(M)=Z,,OZ,. 
(29) x+(01 5)(236)(478) p + (OH 1 4 5 2)(3 7 8 6) 
RI: id=78-‘75-’ R,: id = 5 5 6 
R,: id = 6 5-l 8 7-l 8 6-l R,: id=78-‘55-‘68-l 
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M = L(3, 1)#L(3, 1). The covering is distinguished from (25) by the branching 
indices. 
(30) x+(O)(1)(2)(3)(4)(5)(6)(7)(8)(9) /~+(0123456789) 
R,: id = 12-l 12-l 3 2-l 12-l 1 R2: id = 2 3-l 2 3-l 4 3-l 2 3-l 2 1-l 
R,: id=34-‘34-‘54-‘34-‘32-l R,: id=45-‘45-‘65-‘45-‘43-l 
R,: id = 5 6-l 5 6-l 7 6-l 5 6-l 5 4-l R,: id = 6 7-l 6 7-l 8 7-l 6 7-l 6 5-l 
R,: id = 7 8-l 7 8-l 9 8-l 7 8-l 7 6-l R,: id = 8 9-l 8 9-l 9-l 8 9-l 8 7-l 
Rg:id=991998-’ 
H,(M) =Hm@Z~~. M is the lo-fold cyclic cover branched over K-a hyperbolic 
manifold. 
(31) x-, (0 1 7 2)(3 4 5 9)(6)(8) /.A + (0)( 1 3 8 4 2)(5 9)(6 7) 
R,: id =8-’ 9 7-l R,: id=78878 
R,: id=89-‘9-l 
r,(M) = E,, M has 2 trivial handles and genus 3; so M = L(4, 1). 
(32) x+(01894)(23567) /A + (O)(l 4 2)(3 7 5 8 9 6) 
R,: id = 8 9-l 8 6 Rg: id = 8-l 9 6-l 7-l 7-l 6-l 
R,: id=64-‘98-‘96-l R,: id=7674-‘7 
R,: id=89-‘44-‘769-l 
H,(M) =Hs. r,(M) is that of a Seifert fibered manifold over S2 with fibers of index 
3, 2, and 2. 
(33) x+(0187945)(236) /.L + (0)( 14 8 5 2)(3 7 9 6) 
R,: id = 7 9-l 7 8 5-I R,: id = 5 5 8-l 8-l 
R,: id = 6 8 5-l 9 7-l 9 6-l R,: id = 7 9-l 5 5-l 6 9-l 
Rg:id=85-‘868 
H’(M) = H60h2, v,(M) = Z3 * rl (Dehn filling of twisted I-bundle over a Klein 
bottle). 
(34) x+(01785)(26934) /A + (O)(l 5 2 3)(4)(6 9 7 8) 
R1: id =9-’ R,: id = 5 9 7 9-l 
R,: id = 7 5 5-’ 9 7-l 
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M=S’x.S’. 
(35) x+ (0 3 4X1)(2 7 8)(5)(6)(9) p + (0 1)(2 5 7 3 9 4)(6 8) 
R,: id =5-’ 5-l 7 5-l RJ: id =9-’ 4 5 7-l 8-l 
R,:id=7875-‘78 R,: id = 8 9 4-l 9 8 9 
R,: id = 9 4-l 4-j 4-l 
H,(M) =ZO&. 
(36) x+(02)(1 49)(3 76)(5 8) /A + (0 1)(2 3)(4 5 6 7 8 9) 
R,: id = 5 6-l 5 8 7-l R,: id = 8 9-l 8 7-l 5 
R,: id = 7 8-l 9 8 9-l R,: id = 8 9-l 7 6-l 9-l 
Rg id=965-‘67-’ 
H,(M) = ZOZ,. vr,( M) is the same as for (35); however (35) has wrapping number = 
2 while (36) has wrapping number= 1. 
(37) x + (0 3 5 6)( 1)(2 4 8 7)(9) /_~-+(021)(3758496) 
R,: id = 5 8-l 2 5 8-l 6 9-l R2: id = 2 9 6-l 8 5-l 7-l 4 8-l 
R,: id = 4 9-l 7 5-l 9 6-l 2-l RS: id = 5 8-l 6 5 7-l 4 9-l 7 
R,: id = 7 5-l 7-l 9 4-l 2 9 4-I R,: id = 8 4-l 2 6 9-j 7 5-l 6-l 
R,: id = 9 66’ 6-l 5 7-l 
H’(M) = Ego. The 4-sheeted cyclic (true) cover of M has HI = H,,OH,. By Theorem 
3.1, r,(M) is infinite. 
(38) x + (0 3 8 4 5 6)(1)(2)(7 9) 
R,: id = 5 9-l 2 5 9-l 8 7-l 
R,: id=478-‘95-‘47 
R,: id = 7 8-l 6-l 2 4-l 6-’ 
R,: id = 9 6-l 2 4-l 5 8-l 5 8-l 
H,(M) = h,,OE,. 
(39) x-;, (03 9 6)(1)(2)(4 5 8 7) 
R,: id = 1 9 8-l 9 8-I 4 5-l 
R,: id=54-‘79-l l-‘54-‘7 
R,: id = 7 9-l 1 6-l 5-I 6-l 
R,: id = 9 8-l 4 1-l 9 7-l 6 I-’ 
/.t -, (0 2 4 1)(3 7 8 5 9 6) 
R2: id=24-‘7-‘4-‘7-‘69-l 
R,: id = 5 9-l 8 5-l 7 8-l 4-l 
R,: id = 8 5-l 4 8 7-l 6 
p + (0 2 5 4 I)(3 7 9 8 6) 
R,: id = 5-l 7-l 4 5-l 7-l 6 8-I 
Rg:id=668-‘41-‘5 
R,: 8 6-l 5-l 1 4-l 7 9-l 1 4-l 
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HI(M) =z,20. 
(40) x+(03125)(49678) p + (0 1)(2 6 3 4 8 5)(7 9) 
J,,: jd =4-’ 6-l 1-l 9-l 8-l R,: id =48-‘4-l 16 
Rs: id = 4 88’ 6-l 9 I-’ R,: id=689 l-‘9-l 
Rg: id = 9 1-l 88’ 4-l 
H’(M) = z,oz,. 
(41) x-,(03685)(12794) /..L --, (0 1)(2 5 3 4)(6 9 7 8) 
R,:id=17539 R,: id = 3 9 7-l 1-l 9-l 5 
R,: id = 5 3-l 5-l 9 1-l R,:id=735-‘I-’ 
R,: id =9 7-l 1 3 5-l 
H,(M)=h,OZ,. 
(42) x+(04576)(12398) /~+(0263795841) 
R,: id = 1 3 7-l 1 4-l 2 6-l 9 7-l R,: id=26-‘95-‘237-‘85-l 
R,: id = 3 7-l 8 4-l 3 6-l 9 5-l 1 4-l R,: id=41-‘79-‘62-l 
5 88’ 6 2-l 
R,: id = 5 8-l 6 3-l 1-l 7 9-l 1-l R,: id = 6 3-l 4 1-l 5 99’ 2-l 5 9-l 
R,: id = 7 9-l 2-l 4 8-l 6 3-l 4 8-l R,: id = 8 4-l 2 6-l 8 55’ 1 3 6-l 
R,: id = 9 5-l 1 9 7-l 8 4-l 2 
H’(M) = Z,,O&. 
(43) x-,(052497)(1)(3)(68) /A + (0 2 1)(3 4 7)(5 6 9 8) 
RI: id=69-‘69-‘74-l R,: id = 4 7-l 6-l 4 7-l 8-l 
R,: id=69-‘764 R,: id = 8 8 9-l 7 
R,: id = 9 8-l 7-l 6-l 7-l 
HI(M) = z,,. r’(M) is the same as that of the union of two trefoil knot spaces 
glued along their boundaries. By [2, Theorem 2.11, n’(M) is virtually Z-represent- 
able. 
(44) x+(03784)(12695) CL -, (0 1)(2 4)(3 5)(6 8)(7 9) 
R,: id =9 
M = S3. 
(45) x+(03 125)(49687) /A -+ (0 1)(2 6 5)(3 4 7)(8 9) 
R,: id=7-‘6 R,: id=6799 
R,: id=97-L 
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M = L(4, 1). 
(46) x+(02693)(1 4875) p + (0 I)(2 3)(4 5)(6 7 8 9) 
R,: id = 8 9-l 5 R,: id = 8 9-l 5-l 9 
R,: id=985 
M = L(4, 1). (311, (451, and (46) are distinguished by their branching indices. 
(47) x-*(01692)(37458) ,u + (O)( 1 3 4 2)(5 8)(6 9)(7) 
Rj: id =9-l 
M = S-‘. 
(48) M is the pullback of (38) and (1). 
H,(M) = ZOB,OH,. 
(49) M is the pullback of (41) and (1). 
H,(M)=ZOZ,OZz. 
(50) M is the pullback of (40) and (1). 
H,(M)=ZO&OH1. 
(51) M is the pullback of (39) and ~(39). 
H,(M) =ZOhOEOZ~~OEbO. 
(52) x~(0714)(145315181917811 1210)(26)~913)(1620) 
~+(0123)(412)(518)(61320)(78910)(1119)(14151617) 
Rio: id = 10 15 16-I 20 R,3: id = 13 20-l 15-I 10-l 
Ri5: id = 15 16-l 18-l R,6: id = 16 17-l 10 13 
R,,: Id = 17 19 13-l lo-’ R,8: id = 18 10-I 17 16-l 20 13-l 
R,g: zd = 19 13 -I 18 10-l Rzo: id = 20 17-I 10 15 
H,(M) = 0. M is the Poincare dodecahedral space. 
(53) x~(01449)(171916)(261211)(321522)(8152320)(10181713) 
,u -+ (O)(l 7 6 5 4 3 2)(8 14 13 12 11 10 9)(15 21 20 19 18 17 16)(22)(23) 
R,: id = 12 11-l 12 13-l 20 19-’ R,: id = 5 19 20-l 7-l 16-I 
R,: id = 6 5-l 16 7 7 6-l R,: id = 14-l 12 11-l 5 6-l 
Rio: id = 10 6 5-l 11 12-l 11 lo-’ Rlz: id = 12 11-l 5 5-l 16 10 11-l 
R13: id = 13 12-l 11 10-l 16-l 19 20-l R,,: id = 14 13-l 20 19-l 
19 18-l 17 18-l 
R,,: id = 16 10 17 18-I 17 16-I R,,: id = 18 17-I 6 5-l 16 17-I 
R+ id = 19 t8- I 17 16-l 5 6-l R2,,: id = 20 19-l 7 
R,,: id =20-l 7-l 14 13-l 20 
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H,(M)=Z@H@H2@iZ2@Z1. 
(54) M is the pullback of (14) and (53). 
H,(M) =~~~~~~~~~~~~~,~~~,. 
(55) x+(01291011181920) 
(3 4 23 21 22 14 12 13 5)(6 7 8)(15 16 17)(24 25 26) 
/L + (0)(9)(18)( 1 5 117)(2 25 19 23)(3 4 6 26) 
(8 12 13 15)(10 14 20 16)(17 21 22 24) 
R,,: id = 13-l 20 20-l Rj5: id = 15 23 22 21-l 13 15-l 
Rib: id =23 R,9: id = 19 23-l 24 21-l 13 
RIO: id = 20 23-l 24 Rz,: id = 21 22-l 15 13-l 
Rz3: id = 23 26 24-l RZ4: Id = 24 11-l 22 24-l 
RzS: id = 19-l 13-l 21 ll-’ 19 Rz6: id = 26 22 24-l 23 19-l 13-l 20 
M=(S’xS’)#(S”xS’). 
(56) M is the pullback of (55) and (3). This example was used in the proof of 
[3, Corollary 4.31. 
H,(M) = ZOZOP,,OZ,OZ,O&,. 
(57) M = T3 is the pullback of (4) and (2). 
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